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ABSTRACT. We obtain a refined Kato inequality for closed and coclosed differential (p, q) forms on a 
Kahler manifold. 



1. Introduction 

Kato inequalities have been shown to be important technical tools which are used to prove analytico- 
geometric results. In the articles [2, 4], Branson, Calderbank, Gauduchon and Herzlich study injec- 
tively elliptic Stein-Weiss operators and they show that the sections in the kernel of such an operator 
satisfy improved Kato inequalities with constants that can be determined from representation theoretic 
data. 

In [4, Theorem 6.3(h)] (the case k = 1) the authors prove such an inequality for differential forms 
in the kernel of the Hodge-de Rham operator d + d* on a Riemannian manifold. This result is also 
stated in [8] as Lemma 4.2, which contains an omission, namely the condition that the degree has to 
be at most half the dimension of the manifold (which is what the author actually needs). 

The puipose of this article is to further refine this Kato inequality for forms of type (p, q) on a 
Kahler manifold. We did this in Theorem 4. 1 for all values of p and q except for p = q. The most 
important consequence of Theorem 4. 1 is, in our view, a Kato inequality for holomorphic forms on 
all Kahler manifolds (see Corollary 4.3). 

Our presentation follows closely the methods of Branson, Calderbank, Gauduchon and Herzlich. 
In fact, we will present a proof of the mentioned result from [4] avoiding as much as possible the 
representation theoretic technicalities. It is this proof that suggested the improvement in the Kahler 
case. 

In the case of complete Kahler manifolds, Kong, Li and Zhou in [ ] and Lam in [ ] showed that an 
I? harmonic 1-form u has to satisfy 

|dMI < 4=|Vc4 

In Corollary 4.7 we reprove this, with the methods introduced here. In [9], Wang proves an inequality 
about real, closed and coclosed (1,1) forms with a constant shaiper than in the Riemannian case. 

We would like to thank Prof. Detang Zhou for suggesting the problem to us and for useful conver- 
sations. In an earlier version, we wrongly claimed that the proof of the refined Kato inequality in the 
Riemannian case has not appeared before. We would like to thank X. Wang for pointing it out to us. 



2000 Mathematics Subject Classification. Primary 53B05, 53B20, 53C55, 58J05. 
The authors are supported by the CAPES(PNPD) program. 
The second author was partially supported by NSF Grant (China) 11071208, Tian Yuan Fund of Mathematics 
(China) 110261 16 and Yangzhou University fund 2010CXJ001. 

1 



2 



DANIEL CIBOTARU AND PENG ZHU 



2. Stein-Weiss operators 

Let M be a Riemannian manifold of dimension n, not necessarily compact. We will call harmonic 
fields the forms u G C°°(M; A k T*M) that satisfy (<i+cf )w = 0. If M is compact then the harmonic 
fields coincide with the harmonic forms, i.e. solutions of Aw = 0. 

We introduce the main type of operators. Let E be a vector space endowed with an inner product. 
We suppose that E is a real representation of SO{n) given by p : SO(n) — > GL(E) and let F <— > 
]R n <g> E be subrepresentation of the canonical representation tensored with E and we denote by II the 
orthogonal projection 

n : R n ® £7 -»• F. 

We will use the same letters to denote the projection of vector bundles over M, 

II : T*M ®E -> F. 

The Levi-Civita connection on the frame bundle PsoM of M induces a connection V on E. 

Definition 2.1. A Stein-Weiss (gradient) operator is a first order differential operator L : T(E) — > 
T(F) obtained as the composition 

T(E) -> T(T*M® £) -> T(F), L:=noV. 

Remark 2.2. A beautiful study of Stein- Weiss operators can be found in [ ] where T. Branson classi- 
fies those operators which are injectively elliptic (see Definition 3.3). 

Since a Stein- Weiss operator is essentially built from two objects: an orthogonal projection mor- 
phism of SO(n) representations and a connection on the manifold, by a slight abuse of terminology 
and notation we will talk about the composition of these two objects instead of the more lengthy 
expression "the composition of the connection with the associated projection of vector bundles". 

Definition 2.3. The rescaled Hodge-de Rham operator is the operator which on /c-forms acts as 

:d+ ; 1 d*. 



Vk + 1 Vn+l-k 

Notice that the harmonic fields can be seen as the solutions of the rescaled Hodge-de Rham equa- 
tion. 

Proposition 2.4. The rescaled Hodge-de Rham operator is a Stein-Weiss operator. 
Proof. We will show that 

It : R n ® A k R n -»• A fc+1 R" A^M", H(ri ® u) = ( - 1 v a u, 1 l v *cj 

\VkTT \/n -k + l V 

is a morphism of SO{n) representations, where l^* represents contraction with the metric-dual to r). 
In fact, IT is the orthogonal projection of the tensor product representation W 1 <g> A k W l to a direct sum 
of two subrepresentations. 

Let {ej, % = 1 . . . n} be an orthogonal basis of W 1 . Let 

(2.1) 0! : A k+1 R n ^R n ® A k R n , 

1 k+l 

0i(vi A . . . A v k+ i) = rr — ® vi A ... Vi A 



Vk + l 



Vk+l 



and let 



(2.2) 6 2 : A^IEP -> R n ® A k R n , 6 2 {uj) = V a 8) (ej A u). 



■Jn — k + l , 
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be two maps. It is easy to check that they are injective morphisms of SO(n)-representations. The 
first one is obviously so, while the second can be described as the composition of 

R™ <g> M n ® A fc-1 R n -> R n <g> A k R n , £ <g> 77 <g> cj ^ £ ® 77 Aw 

with 

A fe-1 R n ->■ R™ ig> R" <g) A fc-1 R™, 1 [ Ve^e; ] ®gj. 

Vn-k + 1 J 

Note that if A G SO(n) 

n n n 

Aei <g) Aa = tr(^ T ^) ^ e, <g> = ^ e, ® e*. 

i=l i=l i=l 

The presence of the constants 1 / \Jk + 1 and 1 / -\Ai — A; + 1 is a reminder of the fact that we are 
dealing with isometric monomorphisms of representations. The following relations hold 

III O 9l = id^fc + ljgn, II.2 O #2 = idy^fc-ljgn . 

Moreover we have that 

Kerili = 0i (A fe+1 R n )- L and Kern 2 = 8 2 (A k ^ l M n ) ± . 

Indeed, using the identities from Lemma 2.5 (below) one can prove the C inclusions which is enough 
because ITi and II2 are surjective. 

Another easy application of Lemma 2.5 shows that the images of 0\ and 62 are orthogonal from 
which we deduce that II is the orthogonal projection onto the SO (n) -invariant subspace 

A fc+l R n A fc-1 R „.-1 ^ Rn (g, A k R n_ 

We combine what we have just said with the well known result (see Proposition 1.22 and Proposi- 
tion 2.8 in [ ]) that the Hodge-de Rham operator is the composition of the Clifford multiplication 

c : T*M ® A*T*M -+ A*T*M, c(r) ® u) = (77 A u, -i v * (w)) 

with the Levi-Civita connection and we are done. □ 

The following lemma was used in the proof above. 

Lemma 2.5. The following identities hold: 

k+l 

(a) (£ Aw, 771 A ... A% + i) = w) ' (w, Vi A . . . m . . .A%+i), 

i=i 

where £,77^ G R n , co G A fc R n ; 

n 

(b) (if(w),0) = 5Z^' e *) • (w,ei A0), where £ G M n , G A fc_1 R n and w G A fe R n . 

i=l 

Proof. Let 7 C {1, . . . , n} be a subset with 

(a) A; + 1 or 

(b) fc - 1 

elements and let ej := Aj 6 /ej. By linearity, it is enough to prove the identities for 771 A. . . hrjk+i = ej 
and = e/, respectively. Also it is enough to consider u = ol\ A . . . A afc. 

In this situation, the number on the left hand side of the first identity is the (k + l) x (A; + 1) minor 
formed by taking the 7-columns in the nX (k + l) matrix having the entries of £ on the first row and 
cti, . . . , ctk on the next ones. The identity itself is stating the well known fact that this minor can be 
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computed as an alternating sum of the relevant entries of £ multiplied with the corresponding k x k 
minors with entries from the matrix made of a>i, . . . , a^. 

For the second identity, we further simplify by letting £ := e p . Then we have to prove that 

k 

'^2(-l) l ^ 1 {e p ,a i ) • (ai A . . A ct fe ,e/) = («i A . . . A a k ,e p A ej), 

i=i 

which is nothing but the first identity for £ = e p and uj = ej. □ 

A natural question is whether the above rescaling of the Hodge-de Rham operator is the only one 
that turns it into a Stein- Weiss operator. This is true up to some signs. 

Lemma 2.6. Let a : V — )• W be a linear map between inner product spaces (real or complex). 
Let a : W V be an isometry such that aa o a = idw far some constant a and o~(v) = for 
all v G aiW)^. Suppose there exists another constant b and an isometry (3 : W V such that 
ba o j3 = idw an d a ( v ) = 0/or all v G fiiW)^. Then b = fia where = 1. 

Proof. The conditions in the lemma express the fact that aa and ba are orthogonal projections onto 
a(W) and (3{W), respectively. Let A, B : V — > V be the orthogonal projections seen as endomor- 
phisms of V. 

A := aa o a, B := bf3 o a. 

Now, there exists an orthogonal transformation T : V — > V such that /3 = T o a, hence 

B = -ToA 

a 

The relation B = B* implies that ±A o T = It* o A which fed into 

B 2 = To(AoT)oA = B 

|L|2 n |(j|2 

gives = j^p^ = ^- Hence the image of B is the same as the image of A and since they are 

orthogonal projections we must have A = B and so \b\ 2 = \a\ 2 . □ 



Corollary 2.7. The operators ±l/\/k + Id and ±l/y/n — k + Id* are the only multiples of d and 
d* which are Stein-Weiss. 

3. KATO CONSTANTS 

The classical Kato inequality states that if is a section of the vector bundle E then the following 
inequality holds away from the set ^ _1 (0) 

\d\4>\\ < |V0|. 

The equality above takes place when = £ ® </> for some 1-form £. 
Definition 3.1. A refined Kato inequality is an inequality of the type 

|d|0|| <a|V0| 

with a < 1, which will be called a refined Kato constant. 

The main insight of [2] and [4] is that if cp is a section in the kernel of an injectively elliptic Stein- 
Weiss operator L then <fi satisfies a Kato inequality which is stronger than the classical one. Moreover 
the refined Kato constant a depends only on the symbol of L. 

We give now the relevant definitions. We will work in a slightly more general context than in the 
previous section, i.e. the bundle E will be complex and L will be a complex differential operator. The 



REFINED KATO INEQUALITIES FOR HARMONIC FIELDS ON KAHLER MANIFOLDS 5 

Stein- Weiss operators we considered above are real operators. However by complexifying the repre- 
sentations one can obtain complex operators. They should really be called SO{n) (real or complex) 
Stein- Weiss operators since they are associated to the 50(n)-frame bundle on the manifold. In the 
next section we will consider U(n) Stein- Weiss operators when the manifold M is Kahler. 

Definition 3.2. The symbol of a complex differential operator L : F(E) — > T(F) of order k is the 
map 

a(L) :T*M^Rom(E,F) a(L)(£ ® ... ® := i fc l[. .. [L, /],..., /], £ := df. 
The symbol of a real differential operator is the symbol of its complexification. 

The symbol of the Stein-Weiss operator L : F(E) — > T(F) is the morphism of bundles 

iU F : T*M -> Hom(J5,F). 
The symbol of the formal adjoint L* : T(F) — >■ T(E) is 

a{L*) : T*M -> Hom(F, E), a{L*) = a{L)* = -iU* F 
and the symbol of L*L is n* F n F . 

Definition 3.3. An operator L is called injectively elliptic if L*L is elliptic. 

Let L be an operator of order 1. A number e is called a constant of ellipticity for L*L if the 
following relation holds 

(a^(L*L)(v),v) > e|£| 2 H 2 , V£ G T*M, v e E. 

If L*L is elliptic then the positivity of a(L*L) implies that an ellipticity constant exists, at least 
locally. In the case of an injectively elliptic Stein- Weiss operator this constant is smaller than 1 
because of the next straightforward lemma and the fact that the Bochner Laplacian V* V has constant 
of ellipticity equal to 1. 

Lemma 3.4. Let F 1 - be the orthogonal complement of F in W 1 (8) E and let L± be the corresponding 
Stein-Weiss operator. Then 

L*L + L* ± L ± = V*V. 

Proof. One uses the equality V = L © L± . □ 

The connection between constants of ellipticity and refined Kato constants is provided by the 
following: 

Lemma 3.5. Let C n <S> E = F © F 1 - and let IT and be the corresponding orthogonal projections 
onto F and F 1 - respectively. If(j)£ Ker(il o V) then 

\d\<t>\\ ■ |0| < |V0|- 1^(6X8 0)1 

for some one form £q which is real and of norm 1. 

Proof. We have 

d\$\ 2 = 2Re(V(f>,4>). 

Let£ := d\</)\ 2 /\d\<f)\ 2 \. Then 

2\d\<t>\\ ■ |0| = M0| 2 | = W| 2 ,£o) = 2<Re(V0,0),£o) = 2Re((V0,0),e O ) = 

= 2Re(V0,£o©0) = 2Re(n ± oV(0),£ o ®0) = 2Re(V0,IT L (£o © <P)) < 2|V0| ■ ^{£0 ® </>)\, 
where * equality holds because £0 is real. □ 
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Let us notice that 

\4>\ 2 = 16 ® 4>\ 2 = |n(Co ® </>)l 2 + in- 1 ^ ® </>)l 2 = <n*n(£ ® <£Uo ® </>) + in-^o ® </>)l 2 - 

where II* II is the symbol of L*L. So if L*L is injectively elliptic with a constant of ellipticity e then 

in^ceoo^)! 2 < (i-e)|0| 2 . 

In combination with Lemma 3.5 we have the following 

Proposition 3.6. Let L be an injectively elliptic Stein-Weiss operator. If e is a constant of ellipticity 
for L*L, then a = y/l — e is a refined Kato constant for (ft £ Ker L. 

Lemma 3.7. A constant of ellipticity for the rescaled Hodge-de Rham operator acting on k-forms is 

f 1 if k = 0,n; 

E ~ \ min {fcti> 71=1+1 } V l<*<n-l. 
Proof. Let 1< k < n - 1. If L = -y^d + . L =d* then 

L*L = —?—d*d+ \ -dd* >min(-^—, ) -1a 

fc + 1 n + l-k ~ \k + l n-k + 1) 

and the Laplacian has constant of ellipticity 1. For k = and k = n the operator L*L is just the 
Laplacian on functions and on top degree forms, respectively. 

A second simple proof can be provided using the symbol of L*L and the Cartan formula 

^■u^u ^u&u — |^| id, 

where e u and i u are exterior multiplication and contraction by u, respectively. □ 

Putting together Proposition 3.6 and Lemma 3.7 we have [4, Theorem 6.3(h)] (k = 1). 

Theorem 3.8 (Calderbank-Gauduchon-Herzlich). Let u be a k-form in the kernel of d + d*. Then lo 
satisfies the refined Kato inequality 



\d\u\\ <\l n k if l<k<n/2, 



and 



\d\u\\ < \l-r — : r|Vw| if n/2<k<n-l, 



while for k = 0, n the form oj is parallel. 

Remark 3.9. The question of sharpness in the previous inequalities depends in general on the manifold 
under consideration. For example, if the manifold M is compact and symmetric then every harmonic 
field is parallel, hence the best constant in this case is 0. 

In general, to have equality above one first needs equality in Lemma 3.5 which after a quick 
inspection implies that the form co has to satisfy the relation 

(^£««) - h (--t-Jj-^m) 

for some 1-form £, where 0\ and 02 were defined at (2.1) and (2.2). More importantly, oj has to be a 
harmonic field. On the other hand, Branson shows in Theorem 7 of [2] that such a form exists on flat 
W 1 . In his proof, it is essential that E is an irreducible representation of SO{n). Branson's example 
is not L 2 integrable, hence it is conceivable that the inequalities above can be further refined if one 
imposes such a global condition. 
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Remark 3.10. Notice that the inequalities in the previous theorem respect Poincare duality in the 
sense that the same refined Kato constant works both for k and for (n — k) -forms. One has to expect 
this because of the next basic result. 

Lemma 3.11. The star Hodge operator is an isometry and a parallel endomorphism of A*T* M. 

Proof. The fact that it is an isometry is standard. To prove that it is parallel one first easily shows that 
the volume form dvol is parallel. This follows by differentiating 

| dvol | 2 = 1. 

which implies that (Vx dvol, dvol) = for all vector fields X. Then we apply Vx to the following 
pointwise equality which defines the Hodge star operator 

rj A*u = (77, w> dvol \/rj,uj G F(A k T*M) 

to get 

VxV A *oo + 77 A Vx(*w) = (X(tj,(jj)) dvol +(r], w)Vxdvol. 
Hence 77 A (V x * u) = (77, V x w) dvol = 77 A *V x w, for all 77, to G T(K k T*M). □ 

Remark 3.12. The theoiy does not provide an inequality for harmonic forms, only for forms uj in the 
kernel of d + d*, the so called harmonic fields. However in conjunction with an I? bound on uj one 
knows (see Proposition 4.5) that the harmonic fields are the same as the harmonic forms which is the 
case when M is complete, for example. 



4. The Kahler case 

In the Kahler case, using essentially the same theoiy, we get a better Kato constant for harmonic 
fields that respects Hodge duality. In what follows, M is a Kahler manifold of complex dimen- 
sion n. Notice that we can talk about the unitary frame bundle of M and about U(n) Stein-Weiss 
operators which are denned exactly as in Section 2 by replacing S'0(n)-representations with U(n)- 
representations and moiphisms thereof. 

The result is as follows. 

Theorem 4.1. Let < p,q < n and let uj G T{K m T*M) such that (d + d*)uj = 0. Let a > be 
such that 



2 J 2 
mm 



ifpe{0,n} orq£{0,n}; 



{ max { W2 ' 2n-£+2 } . max { |S ■ 2n-S+2 } } otherwise. 
Then 

\d\u\\ < a|Vw|. 

Proof. We decompose 

d = d + B and d* = d* + 3* . 
Notice that since u G T(A p ' q T*M) we have (d + d*)oo = is equivalent with 

doj = 8*oj = Boj = B*oj = 0. 

We will see that 

(4.1) Li := . 1 d + -. 1 d* and L 2 := - 1 B + ; 1 B* 
yjp+l y/n-p+1 + 1 y/n-q + l 



<s 
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are U(n) Stein- Weiss operators. Since the manifold is Kahler, each of the vector bundles A p,q comes 
endowed with a Levi-Civita connection. One can write down the symbols of each of the operators 
d, 8, d* , 8* (compare with Proposition 3.67 in [1]). 

a(d) : T*M -> End(A p,9 T*M, A p+l,q T*M), <r(0) € (w) = i^ 1 ' A oj; 

a{8) : T*M -> End(A p 'T*M, A p ' q+1 T*M), a(8) ( (u) = if' 1 A u; 

a(d*) : T*M -»• End(A p ' 9 T*M, A p ~ 1 ' q T*M) 1 cr(3*) 5 (w) = (-i)t (€ o,i).(a;); 

a{8*) : T*M -»• End(A p,l3 T*M, A p,q ~ 1 T*M) 1 <7(0*) f (w) = H)i(£i,o)*(w), 

where t represents contraction and ((£ 0,1 )*, (C 1 ' )*) G T^M r 0,1 M is the metric dual of £ = 
(^i,o^o,i) e r * M _ Notice that for £ G T*M we have £ ' x = f^°. 

We want to show that (—i)l/y/p + lcr(<9) when seen as a linear map defined on T^M is an asso- 
ciated bundle morphism to an orthogonal projection of U(n) representations. Analogous statements 
hold for the other three maps. 

Let C n = (M? n , —i) be the conjugate of the standard complex space. The standard action of 
U(n) is complex linear on C n and the standard Hermitian metric on C n builds an isomorphism of 
U(n) representations between C n and (C n )*. The bundles A p ' q T*M := A P T^°M* © A q T°' 1 M* 
are associated bundles to the unitary frame bundle of M (induced by the Riemannian metric and the 
complex structure) and the canonical representations of U (n) on A p C n © A q C n . 

Let e, G C n ,i = 1 ... n be an orthonormal basis with respect to the standard Hermitian metric and 
denote by ej € C n , i = 1 . . . n the dual, or conjugate basis. We define 

9 d : A p+1 C n © A q C n ^ (C n C") © A p C n © A q C n , 
1 p+i 

9 (wi A ... A uj p+ i © ?y) = —== "^(-l) 1 " 1 (wj, 0) © wi A . . . . . . A w p+ i © r?; 

# 5 : A p C n © A q+l C n ^ (C n © C") (g) A p C ra © A 9 C n , 

9 B (oj®t]i A . . . AVq+l) = ^—^ yZ(- 1 Y~ 1 ( > r li)®u(g>r ll A...f)i ... AVq+i; 

e d * : A p ~ l C n © A q C n ^ (C n © C n ) © A p C n © A q C n , 
1 n 

9 d \oj®r]) = V(0,ej)©ej Ac,;©??; 

V " - P + 1 ^ 

# 5 * : A p C n © A^C 71 -+ (C n © C n ) © A p C n © A q C n , 



9 B * (oj © 7]) = 1 V(ej, 0) © w © ei A r/. 

These intertwiners, just as in the Riemannian case, are isometric monomorphisms of U(n) represen- 
tations. One easily checks the following relations, 



—j===a(d) o = id/vp+igngAsO 1 ) ^ n _ = jf j 17 ^*} ° ^ = ^Ap-ic^^A'JC™' 



-^===(t(9) o 9 B — id APC n,gj A3 +i C n, -j====a (d*) o 9 B — id APC n 0Ag -i C n 



The symbol maps a(d),a(d*),a(d),a(d*) are the obvious maps between vector spaces correspond- 
ing to the morphisms of vector bundles above. 
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Using Lemma 2.5 (which works in the Hermitian case as well) one can check that 

Kera(d) = lm(0°) ± , Kera(d*) = lm(0°*) ± 

Kera(d) = Im^V, Ker a(B*) = Im^ 5 *)^. 

Combining this with the fact that the images of 8 and d* are orthogonal and an analogous statement 
about 5 and 5* , one gets the claim about L\ and L 2 . 

The constants of ellipticity for L\L\ and L* 2 L 2 are easy to compute from the relations 

d*d + 5d* = 8*5 + 53* = -A. 

2 

Hence for p ^ {0, n} the constant for L\L\ is ^ min {-^3;, n _ 1 +1 } and similarly for q ^ {0, n} the 
constant for L* 2 L 2 is \ min {^-, -^p^}. 

When p G {0, n} then L\L\ = ^A and the constant is \. Similarly for q G {0, n}, L 2 L 2 = ^A. 
One now chooses the smaller Kato constant from the ones provided by the inequalities induced by L\ 
and by L2. □ 

Remark 4.2. The Kato constants in the Kahler case provided by Theorem 4.1 for a harmonic field uj 
of bidegree (p, q) are smaller or equal than the Kato constants provided by Theorem 3.8 except in the 
case p = q. 

A special case of the theorem is the following 

Corollary 4.3. If co G r(A p,0 M) is a holomorphic p-forrn on a Kahler manifold then it satisfies the 
Kato inequality 

\d\ui\\ < 4=|Vw|. 

Proof. The operator L 2 = 5 is injectively elliptic Stein- Weiss on r(A p,0 M) and the constant of 
ellipticity for L 2 L 2 is 1 /2. □ 

One might ask whether this is the best we can do in the Kahler case with this technique. Unfortu- 
nately, the answer is yes. 

Lemma 4.4. There is no linear combination ad + bd* + c5 + dd* which is a Stein-Weiss operator 
and such that (b 7^ and c 7^ 0) or (a 7^ and d ^ 0. 

Proof. The first thing to note is that the images of 9 d * and d are not orthogonal. On the other hand 
by the complex version of Lemma 2.6 the maps 6 d * and 9 d are uniquely determined by the symbols 
of the operators d* and 5 up to a constant of modulus 1. □ 

Notice that the inequalities in Theorem 4.1 hold without any global condition on 00 or M. We 
would like now to reprove the result from [6, 7] about 1-forms mentioned in the introduction using 
Theorem 4.1. We have almost everything except for the fact that a harmonic 1-field splits into a 
harmonic (1, 0)-part and (0, l)-part. The following proposition, which is well known in the case of 
compact Kahler manifolds takes care of that (compare with Proposition 1 in [10]). 

Proposition 4.5. Let M be a complete Kahler manifold and let uj G T{K k T*M) be L 2 integrable. 
The following equations are equivalent. 

(1) (d + d*)u = 0; 

(2) \d_ + d*)uj = 0; 

(3) (d + d*)uj = 0. 
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Proof. The identities 

A = 2A 9 = 2A g 

and "Bochner technique" solve the problem in the compact case. In the non-compact case it is enough 
to prove that Agu = 0, to € L 2 implies that (d+d* )oj is L 2 integrable. The other cases are completely 
analogous. 

Indeed, since d + d* is formally adjoint we have that the domain of the maximal extension of 
d + d* contains the domain of the functional analytic adjoint of (the maximal extension of) d + d*, 
on which they coincide. Hence 

r ((d + d*) V ,u) = [ ( V ,(d + d*)u) 

M JM 

for all 77, W G L 2 such that (d + d*)rj, (d + 8*)oj G L 2 . Taking 77 = (9 + <9*)u; solves the problem. 

We are now using a special collection of cut-off functions ip v with the following properties: there 
exists a collection of compact subsets K v C K u +i C M such that 

(4.2) ip v = 1 and |d*0„| < 1 on .K^ and suppVv C K v+ \. 

Such a collection exists on a complete manifold by Hopf-Rinow lemma (see Proposition 8.1 in [5]). 
We have 

(4.3) 0= / ^ 2 u u,A d uj)= [ {d(^u),du})+ [ ri\d*u;\ 2 = 

Jm Jm Jm 

= 2 f (dil) v Au,il) v du)+ [ ipl\duj\ 2 + f iP 2 u \d*oj\ 2 . 
Jm Jm Jm 

It follows from here that 

/ r \ l / 2 f r \ 1 / 2 

<2 / |0^A W | 2 / \^\ 2 \dco\ 2 



M 



(dipt/ A oj, ipyduj) 

M 



M J \JM 



Combining this with (4.2) we get 



ipl\duo\ 2 <4 \d^j u ALo\ 2 <C \dipt/\ 2 \co\ 2 < C \co\ 2 . 
m Jm Jm Jm 

Therefore du is L 2 integrable and by (4.3), d*co is also L 2 integrable. □ 

The following simple lemma is an interesting fact on its own. 

Lemma 4.6. Let <p\ G T(E\) and 2 G T(i? 2 ) be sections of two vector bundles, E± and E2, that 
satisfy the Kato inequalities 

\d\<pi\\ < ai|V El 0i| and \d\fa\\ < a 2 |V B2 2 |, 

for some constants ct\ and a 2 < 1. Then (0i, </> 2 ) 6 r(-^l © ^2) satisfies the inequality 

\d\(ih,<h)\\ < max {01,02}^®^^!, ^a)|. 

Proo/ 

2|(0i,02)| • \d\(<h, <h)\\ = |d(|(0i,0 2 )| 2 ) I = |d|0i| 2 + d|0 2 | 2 | < 2|0i| • |d|0i|| +2|0 2 | • |d|0 2 || < 

< 2max{ai,a 2 }(|0i| ■ |V Bl 0i| + \<p 2 \ ■ |V B2 </> 2 |) < 2 max{ai,a 2 }|(0i,0 2 )| • |V 10 2 (0i,0 2 )|. 

□ 

Combining Theorem 4.1, Proposition 4.5 and Lemma 4.6 we get the following result that appears 
in [6] and [7]. 
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Corollary 4.7. Let uj be a harmonic form of degree 1 or 2n — 1 which is I? integrable on a complete 
Kahler manifold M of complex dimension n. Then 

\d\u\\ < ^=|Vw|. 

The following result characterizes the equality case in Theorem 4. 1 in the simplest of the situations. 

Proposition 4.8. Let uj G r(A 0,13 ) and i] G r(A p '°) be harmonic fields on a Kahler manifold of 
dimension n. Then a necessary condition for equality for uj and r/ in Theorem 4. 1 is the existence of 
real one-forms (jG T(T*M) such that 

Vu = t ' 1 ® uj Vr] = 7 1 ' ® r). 

If ui € T{K n ' q ) and 7] € r(A p ' n ) then a necessary condition for equality is 

Vw = ^' ®w Vrj = 7 ' 1 <g> r). 

Proof. The equality in Lemma 3.5 happens when there exists a real valued function / : M — > M. such 
that 

Vuj = /n ± (^ ® w) = /^o ® w - n(/^ C5 w). 
Let ^ := /£o- This is a real 1-form. In the case oj E r(A 0,9 ), the operator II is nothing else but 
£ 1>0 A uj where the element £ 1,0 A a; is a section of T^M ® A°' q via the map 

9 8 ({ ll0 Aw) = e 1|0 8w. 

We have therefore the first claim and the second is entirely analogous. The third claim follows from 
the observation that 

n 

y^(0, e;) <g> &i A t(^o,i)»u) = ^ 0,:L ® w 

i=l 

and the last one is similar to this. □ 
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